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Abstract
We study properties of polytopes circumscribed by a unit sphere in Rn with either m extreme points or m facets. We show
that if one measures the quality of approximation using the radius of an inscribing sphere then asymptotically the best-possible
results are the same for both cases. Somewhat surprisingly, however, the volume can grow substantially faster in m for the case
where the polytope has m facets.
© 2004 Elsevier B.V. All rights reserved.
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The design and analysis of polynomial-time algorithms for computing radii and volume of convex bodies frequently depends
on the approximability of the n-dimensional Euclidean unit ball by polytopes having polynomially many (in n) vertices or facets
(see c.f. [2,7,8,11–13,15–17]). By means of scaling techniques one can restrict to polytopes inscribed in the unit ball.
Let Sn() denote the n-dimensional ball of radius  and with center at the origin. Suppose that (n,m) is the maximal radius
of a ball (with center at the origin) contained in the convex hull of m points chosen from Sn(1). Let U(n,m) be the maximal
volume of a convex hull ofm points from Sn(1) andW(n,m)= (U(n,m)/vol(Sn(1)))1/n. By Bárány and Füredi [6] and Kochol
[15] (see also [4,5,9,10]), if n1 and 2nmcn (where c > 1 is a constant), then there exist constants c1 and c2 not depending
on n and m such that
c1
√
log(m/n)
n
(n,m)W(n,m)c2
√
log(m/n)
n
. (1)
Suppose that ′(n,m) denotes the maximal radius of a ball (with center at the origin) inscribed in a polytope having m facets
and contained in Sn(1) and U ′(n,m) denotes the maximal volume of a polytope having m facets and contained in Sn(1). Let
W ′(n,m)= (U ′(n,m)/vol(Sn(1)))1/n.
With respect to (1), one would expect that W ′(n,m)const
√
n−1 log(m/n). As pointed out by Anstreicher [3], this fact
would improve the running time of the volumetric cutting plane algorithm as presented in [1,2] (see also [18]). Surprisingly, we
show that this is not possible, because W ′(n,m) has a positive constant lower bound for every n1 and m2n. On the other
hand we prove that ′(n,m)= (n,m).
The polar of a convex set K is the convex set K◦ = {x ∈ Rn; 〈x, y〉1, for every y ∈ K}, where 〈x, y〉 denotes the usual
inner product of x and y. The following statement is well-known (see, e.g., [11,14]).
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Lemma 1. Let P be an n-dimensional polytope that contains the origin, then Sn(r) ⊆ P ⊆ Sn(R) iff Sn(1/R) ⊆ P ◦ ⊆ Sn(1/r)
and P has exactly m vertices iff P ◦ has exactly m facets.
Lemma 2. For every positive integers n and m>n we have (n,m)= ′(n,m).
Proof. Take m points in Rn so that their convex hull P satisﬁes Sn((n,m)) ⊆ P ⊆ Sn(1). Then, by Lemma 1, Sn(1) ⊆ P ◦ ⊆
Sn(1/(n,m)) and P ◦ has m facets. Shrinking P ◦ by a factor of 1/(n,m) we get a polytope Q which is an intersection of m
halfspaces in Rn and Sn((n,m)) ⊆ Q ⊆ Sn(1) holds. Therefore (n,m)′(n,m).
Similarly, we can prove that (n,m)′(n,m). 
Theorem 3. Let n,m be positive integers, 2nmcn, where c > 1 is a constant. Then there exist constants c1 and c2 such that
c1
√
log(m/n)
n
′(n,m)c2
√
log(m/n)
n
.
Proof. Follows from (1) and Lemma 2. 
In [15] we presented an explicit construction of m unit points u1, ..., um from Rn so that their convex hull Pn,m satisﬁes
Sn(c1
√
n−1 log(m/n)) ⊆ Pn,m ⊆ Sn(1). Shrinking (Pn,m)◦ by a factor of (c1
√
n−1 log(m/n))−1 we get a polytope Qn,m
with m facets so that Sn(c1
√
n−1 log(m/n)) ⊆ Qn,m ⊆ Sn(1). In other words,Qn,m =⋂mi=1Hi , where
Hi =
{
x ∈ Rn; 〈ui, x〉c21
log(m/n)
n
}
(i = 1, ..., m).
Theorem 4. Let n, m be positive integers, m2n. ThenW ′(n,m)c3 where c3 is a positive constant not depending on n and
m.
Proof. Consider Tn = {(x1, ..., xn); |xi |1/√n, 1 in} ⊆ Sn(1). Tn is a polytope with 2n facets and volume (2/√n)n. It
is known that the volume of Sn(1) is n/2/(n/2 + 1) where (x) =
∫∞
0 e
−t tx−1 dt (x > 0) is the gamma-function. By the
Stirling formula, (n/2+ 1)=√n(n/2e)n/2e(n/2), where 0< (x)< 1/12x. Thus
W ′(n,m)W ′(n, 2n) 2√
n
1√

2n√n
√
n√
2e
e
(n/2)
n c3,
where c3 is a positive constant. 
Let us note that ′(n,m)W ′(n,m), whence by (1) and Theorem 3, we have
c1
√
log(m/n)
n
′(n,m)W ′(n,m)
so the only difference between the two cases (m extreme points versus m facets) is that upper bound onW(n,m) does not hold
forW ′(n,m).
By Theorem 4, Sn(1) is well approximated by an inscribed polytope with at least 2n facets. On the other hand, by (1), Sn(1) is
well approximated by a circumscribed polytope with at least 2n vertices. From this point of view Theorem 4 can be considered
as a dual to (1).
The author thanks Kurt Anstreicher for bringing the problem to his attention and Andreas Brieden for discussing about the
topic.
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